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Abstract

The inventory model (M, T) with exponential backorder costs and continuous lead time is the model considered in this paper. At review
time the stock is ordered to bring it to level M. The (M, T) model is derived from the inventory costs of inventory model (n,Q,R,T), when
at review time a multiple of Q, n = 1,2---, is ordered, the lead time is assumed to follow a gamma distribution and demand during lead
time is assumed to be a normal variate. The backorder cost is exponential, Cp (t)=b_1 exp (b_2 t).

Literature Review

Zipkin (2006), treats both fixed and random lead times and examiners both stationary and limiting distributions under different
assumptions.

Bertsimas (1999) in his paper probabilistic service level guarantee in make — to — stock, considered both linear and quadratic
inventory costs and backorder costs.

Pritibhushan Sinha (2008) in his paper a note on Bernornlli Demand inventory model presents a single — item, continuous
monitoring inventory model with probabilistic demand for the item and probabilistic lead time of order replacement.

Hadley and Whitin (1922) extensively developed the inventory model (M, T) for constant lead times and linear backorder cost.

(n Q,R,T) Model, Exponential Backorder Costs.
(n Q,R,T) stands for the model in which at review time, the inventory position or the amount on hand plus on order at review time is
less than or equal to R and the quantity ordered is a multiple of Q.
Cp(t) is the expected backorder costs where t is the length of time of a backorder and is given by Cg(t) = byexp (b,t) t>0
Demand follows a normal distribution and o2t is the variance of demand over a period t. If the inventory position of the system
immediately after review at time t, is R + Y, the expected backorder cost at time t, is

1 rQ L t Cp(t-2) R+Y-Dyz
=3I ol R (M) dadedy

\/% g (R:'/g)z) is the normal distribution )

Similarly the expected backorder costs at time t+L+T

Where
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=3 fQD fL;TD ft Cf/(t—tZ) g (RJ:/%)Z) dzdtdy )
CB(L —z)= b, exp(bZ(L -2))

_ 1 rQ t biexpby(L-2) R+Y-Dy
Let Gu(Q.R D) =+ [D [ D Jy 2enin g ( = ) dzdtdy 3)

Integrating G1(Q, R, L) with respect to Q and rearranging we have
o%t-Dt
_ (Lbs _ (bR, . d’tb? R-=25—) R—Dt)
G(R,L) = [, 7 (exp (—D byt — 22 ) (F( = Fl o=
(4)

Then G,(R,L) = % (G,(R,L) — G,(R+Q,L)) (5)

Re-arranging the exponential terms of G, (R, L)

a?byt
Lb 2pZ b R- -Dt
cun =0 1} Bew (1 (22 0.) -2 (r ()

Integrating by parts

5 G2 (R L) = Z—(ﬁ) [exp (¢ (G2 + b2) - 2°)
L

o’th
v R—=—52-Dt\| b, 2D?
O'Zt 2b2 O.2b22 + 2D2b2

0

02byz
Ty o (e (24 5,) - ) e - 1 ()
(e + i) o =2l P () ae
Let
Z,(x,T) = fOT t™ exp —;(J\C/;_lz);) dt
And the fact that

U

t

20%T"*1 1 /x—Dt\* o?@n+1) x?
Zn1(x,T) = Devaaor P ——2( \/O'TT) T o2 Zy(x, T) + D2 Zn1(x,T)
_ =20°T 1 /x —DT\* ¢? x2
Zn+1(x, T) = mexp ——2( UZT > DZ Zo(x T) + n_l(x,T)

We obtain
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G R L _ 2D3b1 L 0-2b22 + 2D2b2 (_b2>
2(R.L) = Capg 1 2p752) &P 2D? “P\p
o%b,
02L b, 02L 2D b,
o*b b2 <2RD) (R + DL) 2vVo2L by (R - DL)
2D(02b2 + 2D%by)b, P 52 =5 b, I\ /oo

Hence

G1(Q,R,L) = ((G2(R,L) = G,(R +Q,1))/Q
Expected backorder cost at t + L, averaging over the states of Y

=3 (GR,L) = G(R+Q.L)

And the expected backorder cost at t + L + T averaging over the states of y
1

= a(GZ(R,L +T)— G,(R+Q,L+T))

Hence the expected backorder cost per year Gs (Q,R,T)

Let B(Q, R, T)be the expected number of backorders, at any point in time.

Atanytimet+ L + € betweent+ Landt+ L + T, the expected number of backorders on the book when the inventory position was R +
y immediately after review at time t

W=R+Yy

1 [(R+Q [L+T o
BQRT) = _f f f (x —w) g(x,Dt) dxdtdw

QT Q L [3)
Nothing that
f,;o(x —w) g(x,Dt) dx = 6%t g (w,Dt) — (w —Dt) F <W—Dt)

Vo2t
Substituting in B(Q, R, T)and simplifying
We have

o2t

1 R+Q ,L+T 5 w — Dt
B(Q,R,T)—ﬁj;2 J; (o tg(W—Dt)—(w—Dt)F(\/_> dt dw

1 (R+Q (L
_ﬁf f (62t g(w,Dt) — (w — Dt) F (w,Dt)) dt dw
Q 0
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Noting that

S = =)
x—DT

2

JTtF(x_Dt)dt—l 72 x*> 20%x 30* F( )
o o2t ) Dz D3  20* Vo?T

2Dx x + DT
e (7 )F ()
We obtain
B(Q,R,T) = QLT (G4(R+ L, T)—G,(R,L) —G,(R+Q,L+T)+ G,(R+Q,L)) (8)

Let POR be the probability of a stock out, at anytime betweent + L and t + L + T, that is the probability that demand exceeds R +y at t
+L+e.

=f g (,D (L + ¢)dx.
R+y
Probability of a stock out
L+T (oo
POR =— f g (x,De)dx de
QJ R+y
Averaging the states of y and integrating with respect to x

1 L+T
POR =— f f F (R +y,De)de dy
QJo Ji

Let Gs(R,T) fwaF(x_Dt)dt

e ,T) =

s Vo?t
(R — DT)? L R—DT\ +ooT o R
noo L F( )+ r- 2 2

2D 202 * 203 JoIT 2 D2 D

R-DT\ o* _(R+DT 2DR

9(—)— s F () e (7))
o?T 4D

Hence
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POR :é Gs(R,L+T) —Gs(R,L) — Gs(R+ Q,L +T) + Gs(R + Q, L))

Where G,(R,T)
D?T® o¢*R DT?R o0?R? o°T? TR? R® o®
G,(R,T) =

(R—DT) (DTS/ZU JT3/2R+JT1/2R2 o312 o3T'2R

6  4D3 2 4D? T 4 2 6D 8D*
+ +
o2T 6 3 6D 12D 4p2
. oST /2 (R + DT) s b (2DR> . (R + DT)
4p3 )9\ 527 ) Tepr P52 o
Putting the various costs together we have the inventory costs excluding the cost dependent on number of stock outs to be for (Q, M, T)
_ Rc S.POR hc/Q DT

hc
R = —_— (— M—DL——) — (G,(M,T+1L
T AV 2 +QT(4( 0

—G,(M,L) = G,(M+Q,T+L)+G,(M+Q,L)) + Ql—T(Gz(M,T +L)—G,(M,L)

—G,(M+Q,T+L)+G,(M+Q,L)) 9)
LimPOR =1
Q_,0

o*—2D*T? ¢2?—-2D%T RZ)F (R - DT)

1
Lim —-G,(M,Q,T) = — -
im 5 6 (M.Q.T) ( 205 ' 202 2D

o?T
Q—»0
3 2 2 4
l 3/ _ 0'_7"2 _ oT2R R-DT _ g @ R-DT
+2<O‘T 2 2 - ) g( T%) 3 exp (62) F(—azr) (10)
Denoted — G5 (M, T)
1 M+QL\ _ -2D%b, (6%b3+2D%by)\ by
Lim Q GZ( u ) " by(02b2+2D2by) exp [T( 2D2 ) D M]
M- (p+ 2k
. +D LI 1(M—DT> b,
ey — exp — — 1
02T b, P72 Vo?T b,
(M - DT) a?bZb, <2DM> (M + DT)
02T b,(0%b2 + 2D?b,) P\ g2 02T
Denoted - G4 (M, T) (11)
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The inventory cost for model (M, T) when the cost is an exponential function of the length of a backorder for fixed lead times is T,

DT hc
C = (Rc+s)+hc<M—DL—7)+F(GS(M,T+L—GS(M,L)

~1(Go(M,L+T) = Go(M, Ly)) (12)

The inventory costs when the lead-times are continuous random variables are obtained by averaging the cost for the fixed lead times
over the states of the lead times.

LetG,(R) = [;' H(L) Gs(R,L)dL (13)
Gg(R,T) = [ H(L)Gs(R,L + T)dL (14)
LetGo(R) = [ Gs(M,L)H(L)dL (15)
Gio(R) = [ H(L) Gg(M,L + T)dL (16)
Hence

2Db, 02b2 + 2D%b,\ b,M
Go(M, L) = b,(02b? + 2D?by) ( 2D, ) ) ]F

[ (D +azb2>] b, (M — DL) ((M—DL )) b, (M-DL)
M—-—L—=)|[+— g - F——
D b, DVo?L DVo?L b,D Dvo2L
2DM
o?b?;bsesp (7) (M - DL)
Db,(a2b, 2 + 2D%b,) 2L

kpk-1 _
Multiplying H (L) where H(L) :°<L+j£<°<”

o, k,L>0

2Db, o o2b2, + 2D?b, b,M
H(L)Gs(M, L) = L—2—" 2 ) ) — [kt
DG M, L) = 5 b2 + 2075, ©P [ < 2D, )=
M—1(p+Zhe
- L)) b, esp (—x L) B B (M - DL)
F el (ML=t — pLF-1yg [—=2
o2l b, DVo?L oL

b1 — k-1
boD exp (—x L)L*'F

2DM M + DL
ew () ()
g o?L
Nothing that
et n+ DL 1
[ s (521
o

o2L o2l

(M-DL) o?b?,b,q
Jo?L Dby (02b%+2D2b,) [ (K)

esp(—ox L)LF1
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ok (n-pL
f exp — (x l) o g<ﬁ>dl

= av%kr ok 1 2 exp ( ) exp (Z_UxZZL L(ZD;++D) dl
_ <k e(G) [2 ( i )%(k_%) Ko 1(5@o+ D2)5> (18)
o2m  [(k) 20g2+D? k=3 \ag2
If Kisanin interger then
1@ =Ky @) M(Zz) -
Jjrttk—i—1)
Where k% (2) = \/T; (z)_Tlexp(—z)
= (k+j—1)!

1
Hencek, 1(z) = e (2z) 7 "2exp (-2)
P :
j

Tk —i—1)1
— J! (k—j—1)
f H(L) G4(M,L)dL applying equation 17,18
0

) 5 a2b,? + 2D?%b,
and putting e* =2 ———————-2D «x

2D?
2b,\ b
G (M) _ 2Dbyckesp (M(D+UDZ>_2TM)
9 " 20(02b, 2+2D2by) [(k)VZm

i (k — 1! (k = 2)! o[, e (E)k—ﬂl/z . &
— (o?b, 24 2D2%b, — 2D? x)! D J\e k=zt12

+2R (f)k_z_l/z K (%)] _ ()

k-2-1/, | 2m2ab,D [ (k)
i (k= 1)! (5)"‘“1/ ) B (5)’”‘1/ C)
— «z (k — Z)' k-z+1/, 2] k-z-1/,

2 DR\ K
o2b, blesp(az)rx
Dby (02by+2D2%by) [ (k)

+
k

z (k=D (k—2)!

=i OCZ (Uzbz + ZDZbZ - ZDZ 0()!

O

k-z+1/,

N
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—z—1/ R
6w

From 7 substituting L + T for L we have
2Db, o%b, + 2D%*b,\ b,M
b,(a2b, + 2D2h,) °°F 2D? D

2
M—(L+T)(D+07bz>
by

Ge(M.L+T) =

v Jor (L +T) N <(M—DT)—DL)
Jor (L +T) b\ DJo2(L+T)
(M—D(L+T)>_£F<M—D(L+T))_ a%b, *byesp (Zg—i”)
JoZ@L+T) ) Dby \ Jo2@L+T) ) Dby(a?b,? +2D2b,)
F(M—D(L+T)>
Jo2(L +T)

Multiplying by H(L)

_ 2Dbyock k-1 0%b,+2D%bs\  baM

H(L)G1o(M,L +T) = ba(c2bs+2D2by) (k) esp [T( 2D2 ) ]
o?b,

, (0%, +2D%by) —a) - M_(L+T)(D+—D b,

esp D2 —

*5
lo2(L +T)"2 *

. (M —DT)LX~* — DX (M —-D(L+ T)) b,

D\ o?(L+T) Jo2(L+T) Db,
esp (—«L) LK~1aK (M—D(L+T)) _ a’b, 2presp(—xL)LK—1ocK (M—D(L+T))
r(K) Jo2(L+T) Dby(02b,?+2D2by) (k) Jo2(L+T)

esp(—al) «

(o8
f H(L) Go(M,L + T)dl applying equations 18,19
0

02D, 2+2D2by—byM+oT+20
T ag
2D?

Gio(M,T) = Zij(lk) ok esp by, (02b, %+ 2D%b,)?
k-1 k—-j
k—1 (k—1-j) 1 ozbz
T ( , )Z 2{D+——
Z( ) J (azbz Z4 2D2(b2—o<)) (k — 2)! D
Jj=0 z=1 ZDZ
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—j—z+1 M k—j-z-1 M
(ﬂ)k j-z+1/, p ("_;)+2M (ﬂ) j-z /zK (U_;)
£ k—j—Z+1/2 & k—j—z—l/z

2b10(kesp(z—1;1)esp(o<T)
Dby [(k)2mo?

k-1
Zen )
S (o)

6
ZM( )k Jj—z— /2 K (%) a2b, Zblockesp([;—ywcT)
k-j-z-1/, 20Dby(02b, 2+2D%b,) [(k) /(2m)

k-1 k—j o
(e=1\%_ (k=1 ) NS o)
,-Z(,(_T)( ; ) e ]_Z)l< 2 () K pors),

+2M( )k 12‘ /2 k—f—Z—l/z(%)> &

Hence integrating over the states of L the inventory cost for model (M, T) when the lead times is continuous random variable is

R, +S DK DT\ h 1
= !+ hc (M - T) +?C(GS(R, T) — G,(R) + ?(Gw(R,T) — Go(R))

o X

k=j+1/, (MZS) b, <¥ esp (DM) +x T
K o
) k=j+1/ V27 Db, T (k)

(52)
LA /4

IIM\‘

=
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